
ht. 1. Heat Mass Transfer. Vol. 15, pp. 1887-1903. Pergamon Press 1972. Printed in Great Britain 
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Abstract-The transient process of simultaneous condensing and freezing of a pure vapor upon an initially 
dry very cold infinite horizontal plate is considered. The objectives of the analysis were to determine: the 
conditions necessary for freezing the phase growth rates, heat flux and wall temperature in terms of the 
parameters of the problem. The problem has been attacked by several different mathematical methods. 
An exact solution to this three phase problem is possible if the wall temperature is presumed to remain 
constant. If the coolant and/or wall thermal resistance is finite, so that the wall temperature is not constant, 
then an approximate solution must be sought. The approximate energy integral method solution, which 
is the most practical method for this problem, is within 1 per cent of the exact solution for the special case 
ofa constant wall temperature. Agreement of the analytically determined phase growth rates with the results 
of a preliminary experiment is satisfactory. The major effect of the presence of a non-condensable gas (e.g. 
air) is to delay the start of condensing, however a persistent large air fraction causes frost to form rather 

than ice. 
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NOMENCLATURE 

thermal resistance of the h, 
plate and coolant, b = 

l/h, + 4lJk, [ft’h”R/ k, 
Btu] ; 
specific heat at constant k ,,,, 
pressure [Btu/lbm”R] ; 
height of bottom thermo- Ll.,, LLYW~ 
couple, d = 0.125 in. [ft] ; 
thickness of plate [ft] ; b.3 L,Lu% 
body force acceleration, (44,“, Uw‘4,,> 
standard gravity act. [ft/ 

h*l ; kd4,,, (44,,3 

* Part of a PhD Thesis published in 1967 at the Univ. of p, 

Conn., Storrs, Conn. (see [l]). This work was supported by (Q/A), 9 
a NASA Research Grant (SC-NsG-204-62~1). 
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transfer on the coolant 
side [Btu/ft*FR] ; 
thermal conductivity [Btu 
/fth”R] ; 
thermal conductivity of 
the plate [Btu/fth”R] : 
heat of vaporization [Btu/ 
Ibm] ; 
heat of fusion [Btu/lbm] : 
mass flux across the Wand 
SLinterfaces [Ibm/ft*h] ; 
mass flux condensing, 
freezing [Ibm/ft*h] ; 
pressure [psia] ; 
heat flux to the coolant 
[Btu/ft’h] ; 
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heat flux in Cartesian sys- 
tem (positive in y) [Btui 
ft’h] ; 

cdTsr, - T,Vh.,, : 
&iv - Tdk.v : 
c,(TLv - T,K,, : 
time [h] : 
time when freezing starts, 

PI : 
temperature [“RI : 
LVsaturation temperature 
[“RI ; 
freezing temperature [OR] 
temperature at the 12 
interface [“RI : 
wall temperature (surface 
of plate in contact with 
phases) [“RI ; 
coolant temperature [“RI 
vapor temperature far 
from the plate [“RI : 
velocity in the x direction, 
relative to fixed axes, [ft/ 
hl ; 
velocity component in y 
direction relative to Gxed 
coordinates [ft/h] : 
x coordinate, parallel to 
the plate [ft] : 
y coordinate, normal to 
the plate [ft] : 
location of melt line [ft] : 
location of condensate 
line [ft] : 
a y that moves such that 
there is no mass transfer 
across it [ft] : 
thermal dif&sivity [ft2/ 
h] : 
thickness of condensate 
layer [ft] : 
thickness of condensate 
layer when freezing starts 
WI ; 
thickness of solidified 
layer [ft] ; 

0, 

A,, i,. 

71% 

P, 
Subscripts 

s, 
I, 
U, 

E (T- 7:), temperature 
difference [“RI : 
similarity constants de- 
fined by equations (27) 
and (28); 
3.1416 : 
mass density. [ 1 bmift 3] 

solid : 
liquid ; 
vapor. 

INTRODUCTION 

THREE phase problems occur only rarely in 
nature. You may be familiar with the two com- 
ponent condensing and freezing processes that 
can occur on your window on a very cold day. 
Commercial applications have also been lacking 
because freezing is avoided in vapor cycle 
equipment in order to prevent plugged up flow 
passages. But large temperature differences are 
now more common with the increased use of 
cryogenics and liquid metals. It is therefore be- 
coming more difficult to avoid the three phase 
problem. Suppose you want to start up some 
vapor cycle system (e.g. a steam car or a liquid 
metal space power system) in a very cold en- 
vironment. You have a transient three phase 
problem unless you paid the “price” to preheat 
the system or otherwise avoid freezing. The 
three phase problems of greatest application are 
generally the most complex because they in- 
volve transient processes in small passages, and 
often more than one component. A necessary 
starting point for this group of practical 
problems is the largely academic problem 
considered in this paper. 

Three phase problems received little attention 
until [l]. This paper, which is part of that work, 
is an extension of the extensive literature on two 
phase problems. The two phase literature for a 
constant temperature horizontal cold plate 
was summarized by Carslaw and Jaeger [2]. 
While the literature for a horizontal plate whose 
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temperature is not constant was summarized 
by Siegel and Savino [3]. 

Simultaneous condensing and freezing of a 
vapor onto an initially dry very cold horizontal 
plate is studied herein by analysis and experi- 
ment. Two cases are analyzed. The first case 
involves a plate of constant wall temperature, 
resulting in an exact solution. The second 
deals with a non-constant wall temperature by 
means of an approximate solution. The primary 
objective of the analyses was to determine the 
conditions necessary to have a solid layer and to 
determine phase growth rates, temperatures and 
heat flux as a function of the system parameters. 
The second objective of the analyses was to 
apply various methods of analysis to this pro- 
blem in order to determine their ease of applica- 
ion and wherever practical their accuracy. A 
preliminary experiment was performed to verify 
the analytical model and its results. 

ANALYTICAL STUDY 

Consider an infinite horizontal plate (see 

(al Start of condensation (T,,, (0) = TL$ 
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Fig 1) of finite thermal resistance but no 
thermal capacity (e.g. a thin metal plate a short 
time after the start of the cooling process) in 
contact with a very cold coolant of finite thermal 
resistance. A pure vapor suddenly comes in 
contact with the cold plate and the vapor 
starts to condense, building up a layer of con- 
densate liquid while the pressure remains con- 
stant. As the insulating condensate layer grows 
the wall temperature, T,(t) (temperature of the 
top of the cold plate), drops. When the wall 
temperature falls to the freezing temperature, 
T,, a solid layer begins to grow on the plate 
from the condensate layer. Therefore, before the 
start of freezing (at t < t,) there is a growing 
condensate layer (2 phases), whereas after the 
start of freezing (t > tJ there are growing 
condensate and solid layers (3 phases). 

Should the plate and coolant thermal re- 
sistances be zero (i.e. (d,/k,) + (l/h,) = b = 0) 
then the wall temperature is constant (T, = 
T, = constant). In this case both the solid and 
liquid phases start to grow at the same time. 

fbl Before the start of freezing ft < tS). 

k) Some time after the start of freezing ft > tSl. 

FIG. 1. Stages of three phase layer growth on a cold horizontal plate with finite coolant 
and plate thermal resistance. 
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This caSe has an exact solution whereas the case 
where b > 0 must be solved by approximate 
methods. The method used to obtain solutions 
for the b > 0 case is the energy integral method, 
where temperature profiles are assumed for 
each phase. The difficulties with other approxi- 
mate analytical methods are discussed in a 
later section. The differential equations for the 
exact and approximate solutions are derived 
first, then the exact and approximate solutions 
are taken up separately. 

1. DIFFERENTIAL EQUATIONS 

The differential equations for each phase, for 
the coordinate system fixed to the top of the cold 
plate (see Fig. l), is of the form 

where j stands for a particular phase (i.e. solid, 
liquid or vapor). Equation (1) was obtained by 
assuming that the heat transfer and fluid flow 
are one dimensional with constant properties, 
and that the flow is laminar. The phase velocities. 
Us with respect to the fixed coordinate system. 
are greater than zero in the liquid and vapor 
phases, because the phase densities are different 
(i.e. ps # pI # p,). The solid is fixed to the wall 
so that in this coordinate system the velocity of 
the solid is zero. 

l&=0. 

Reference [4] (summarized 
sidered a similar problem to 

(2) 

in [2]) has con- 
the constant wall 

temperature (exact solution) case considered 
herein except for the important difference that 
the phase densities were assumed to be the same 
so that vj = 0. Reference [Z] has reported a two 
phase problem where p, # ps. 

The phase velocities, vi, are considered next. 
Consider a flexible control volume whose lower 
bound is fixed at the impermeable plate (i.e. 
y = 0) and whose upper limit, y’ (t). moves in 
the phase considered such that there is no mass 
transferred across it (see Fig. l(c)). Since there is 

no mass transfer across these bounds the mass 
in the control volume is constant. Therefore. for 
a y’(t) remaining in the condensate layer, con- 
servation of mass requires that 

; 
( 

‘~E.“‘p,dy + “jr’ prdy = 0. (3) 
i, YsX.(t> j 

Apply Liebnitz rule [Sj to equation (3). Assume 
ps and p1 are constant, and use the fact that no 
mass transits y’(t) in the liquid so that dy’(t>,’ 
dt = u,. After evaluating equation (3) and 
solving for u, 

d JISL 
--z-’ (4) 

In other words the thickness solidified in a unit 
time is dY,, which was derived from a thickness 
(pdp,) dY,, of liquid. Perform the same type of 
operation, with y’(t) in vapor, to obtain u,. 

(P, - A) dYsL @t - PJ dY.w 
v = _____--I _~_ 

” 

P, dt p” dt’ 
(5) 

If the phase densities were equal, then according 
to (4) and (5) all phase velocities would be 
zero (i.e. v, = uI = v, = 0). Equations (1) (2), (4) 
and (5) are used in the subsequent formulation 
for the constant temperature wall case (exact 
solution) and in the case where the wall tem- 
perature is not constant. The exact solution is 
considered first. 

2. CONSTANT WALL TEM~RATURE CASE 
(EXACT SOLUTIQN) 

When the wall temperature is constant the 
phases start to grow at the same time. Figure 
l(c) (with Tw(t) = 7J shows this case. Using 
equations (I), (2) (4) and (5) the dil~erential 
equations for the phases are: 

Solid 

Liquid 

@d2K =_0 
s ay2 at (6) 
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Vapor 

ora2T,+ - PJ dy,, 
u ayf pv dt 

+ (PE - P& d&v 
P" dt 1 

ar, ax o 

ay at= . (81 

The boundary conditions for this problem 
are given below. Initially superheated vapor 

has just come in contact with a dry cold plate so 
that at t = 0: 

T,(y, t) = 0 = T,,, Y&t) = 0 = 0, 

YL”(O) = 0 * (9), (IO), (I 1) 

Thereafter the phases grow while the phase 
interfaces remain saturated and the pressure. 
P, remains constant. 

For t > 0: 

Far out in the vapor, y = co 

T,(y= Ki,t>= T,,. w 

At the wall, y = 0 

T,(y=O,t) = T,. (131 

Along the solid-liquid interface, y = YsL( t) 

T,<Y = YSL, t> = I;( Ym t> = TsL< I-‘> . 
(14a), (14-d 

Along the liquid-vapor interface. y = YLY(t) 

UY = r,,, t> = T,< y,,, t> = TLy<P>. 
(15a), Wb) 

The heat balance boundary conditions are 
considered next. The heat balance boundary 
conditions for the SL and LFinterfaces (relative 
to the moving interface) were derived in appen- 
dix D of [I] and are presented below. For the 
SL interface this boundary condition, (16), can 
be stated in words as follows. The heat trans- 
ferred into the solid is equal to the heat transfer 
from the liquid plus the heat generated by mass 
transferred into the solid by freezing. Therefore 
at Y = Y&> 

-4 Y,,, t> + qr( Ys~t t> = kt$ < Ys, t> 

- k,$(Y,,.t) = - ; 
0 

LSLV> 
SL 

(16) 

A similar result is obtained at the moving W 
interface, y = Y&t), 

- k Io(P> 
LV 

= + f &(P> * 
0 

(17) 
cd 

The actual mass flux transferred across the 
SL interface, (m/A) SL is relative to the moving 
SLinterface. This mass flux must be transformed 
to the fixed coordinate system for which the 
differential equations apply (i.e. put (mrz/A),, 
in terms of Yst(t)). A mass balance on the 
solid Iayer results in 

d YsL<t> 

& 
p,dy = - ; . 

0 

(18) 
SL 

Butp, = constant so that equation (18) becomes 

m 
-=- - 0 A fr 

. (19) 

Performing a similar mass balance upon the 
condensate layer, where the net mass flux into 
the condensate layer is -(m/A),, + (m/A), 
and pI = constant, results in the following 
equation for (mn/AjLv 

?Fl 0 =- - 

A cd‘ 
(201 

Equation (20) transforms (m/A),, into the fixed 
coordinate system variables. 

The required energy balance boundary con- 
ditions are now written down for the fixed 
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coordinate system in terms of 0, which is defined 
below. 

@ST-T,. (21) 

From equations (2l), (16) and (19) the energy 
boundary condition for y = Y,,(t) is 

Liquid 

B,(y, t) = C + D erf L 
2(G%O” 

Vapor 

dys, 
= +P&,d,. (22) 

S,(y, t) = E + F erfc 

While the energy boundary condition at y = 
YLY(t) is obtained from equations (21), (17) and 

(2% 

+ y,dPl - P”) aI + 0 2kd*p, cl, 

Equations (19-(23) are derived in more detail 
in [ 11 (see equations (54) and (55) in appendix D 
of [ 11). 

Following Carslaw and Jaeger [2] the sol- 
utions to the differential equations (6HS) would 
be of the form: 

Solid 

6,(y, t) = A $ B erf (24 

(261 

Two arbitrary constants, A, and 1, are now 
introduced that are defined by 

Y&t) s 2&(a,tjf 

and 

(27) 

Yj..(t) f 211(r&. m 
The temperature boundary conditions 

(equations (12)-(15)) are used to evaluate the 
constants A-F, and equations (27) and (28) are 
used to eliminate Ysr. and I;,,. After performing 
these indicated substitutions the solutions, 
8(y, t), are written as functions of the two 
arbitrary constants I, and A,. 

Solid 

Liquid 

O,(y, t) = 

tJ,(Y* 0 = 
err{&) (29) 
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Vapor 

~“(Y, 0 = 

[ ( 
-_A!-- + A (Pr - P”) 5 + 

V”, - 8,,) erfc 

8 
2(a,t)+ ' pu a, ~ - "co - 0 + ,/% - PI) QS + ( >I1 P" a, 

erfc 1, Ir 
+ 

10 + 1,h - P,) 4 * + A (P, - PJ 4 + (31) 
____ _ 0 ____ _ 

a, 0 pv a, ’ P” au 

The arbitrary constants 12, and A, are now determined by using the heat balance boundary con- 
ditions (equations (22) and (23)). Differentiate equations (28)-(30) with respect to y. Now substitute 
these results into (22) and (23) and simplifying results in the following two equations that can be 
solved simultaneously for the roots I, and A,: 

+ exp{ --A:} x31, 

erf{A> (Q X/G) = O 
(32a) 

and 

erf 

n+ 
- ( l  + l (P, - PJ as + ____- 

0) ah., - b,) ’ s pl 4 
=o. 

J5.v 

(32b) 

The heat flux to the coolant can be deter- 
mined from the following equation, which was problem parameters (P and T,). When they are 

derived from equation (28). determined the phase growth rates and tempera- 
tures can be determined from equations (27) 

0 
; (0 = k, $0, t> = $ & . (33) 

( > 

to (31). The numerical determination of IS 
and Al from equations (32a) and (32b) is com- 

C s plicated by the numerous numerical discon- 
Due to the complexity of equations (32a) and tinuities in the region of these roots; therefore 

(32b) they must be solved numerically for the a very close initial guess of 1, and 1, is needed 
roots AS and 1,. These roots are functions of the for convergence to physically meaningful roots. 
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Fortunately one of equations (32) can be 
replaced by a simple approximate equation to 
avoid these difficulties. According to equations 
(27) and (28) the ratio of YLy/YsL is a constant for 
all time for a given case. 

yw(t) 4 al + = constant, -=_ - 0 YsL(t> 4 as 
(344 

At very large time a nearly steady state situation 
is attained where the heat flux is approximately 
the same in each layer. 

q ? yLY<O - YsL.(t)) = 
k(Ts~ - 72, 

Y,,*(t) 

(34b) 

Solving for Y&/Y,, results in 

Equation (34~) gives an approximate relationship 
between ;1, and 1, that can be used instead of 
one of the root equations (preferably (32a)*). 

lime, t. min 

FIG. 2. Phase layer growth history, for various values of b, 
as water vapor condenses and freezes on a horizontal cold 
plate, Where P = 14.7 psia, T, = 140” R and the plate is 

initially dry. 

*The solutions of equations (34~) and (32b) for As and 
I, is the most desirable since this combination allows the 
special cases of two and one phase one dimensional problems 
to lx solved by easy simplification of the three phase 
problem. 

-~-- Heat flux 
--~ Wall temperature 
. Ewct solution 

Coolant and plate 
paints 

thermal resisiance. 

Time, t. min 

Rc;. 3. Heat flux and wall temperature history 
horizontal cold plate as water condenses and freezes upon 

it (same conditions as Fig. 2). 

thereby greatly simplifying the calculation for 
I, and 1,. 

Values of I, and ,I, were numerically deter- 
mined by iteration* of equations (32b) and (34~) 
and also by (32a) and (32b) for the case of a 
water system at P = 14.7 psia, saturated vapor 
(T,, E TLy), and T, = 1WR. It is found that 
Y,,/Ys, = 1.18 and that I, = 0.227 and 1, = 
0770 when equation (32b) was used with either 
(34c) or (32a). These values of 1, and 1, were then 
used in equations (27)-(31) and (33) to obtain 
Y’s,{ 0, Y,,( 0, KY, 0 and (Q/4(0 respectively 
for the case considered above. The phase growth 

Time, 
t T 

Assumed linear profiles 

mb 
EM solution points 

0 .1 .2 .3 .4 .5 .6 .7 .a .9 
Height, y, in. 

FIG. 4. Temperature profiles across the phases as water 
vapor condenses and freezes on a horizontal cold plate of 
constant temperature (T. = T, = 140”R). where P = 14.7 

psia and the vapor is superheated (TV, = 800”R). 
____ _____.- 

* For details of the numerical programs refer to [l]. 
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Table 1. Calculation of YLv(t) by various methods for the case tiere T, = constant 

Phase depth, Y&in.) 

Energy integral 
Time method with linear “Conduction only 

(min) Exact solution temperature profile. method” with 

saturated vapor, and saturated vapor, 

Saturated Superheated b = O(S, = 1.13: b 10 

vapor vapor S, = 0.18: S, = 0.55) (all S = 0) 

0.06 0.0455 0.0444 0.0448 0.0495 
0.3 0.1016 0.0994 0.1002 0.1102 
0.6 0.1437 0.1407 0.1418 0.1558 
3.0 03214 0.3 142 0.3171 0.3486 
6.0 0.4545 0.4444 04484 0.4929 

30.0 1.016 @9937 1.004 1.106 
WO 1.437 1.405 1.420 1.561 

histories are plotted on Fig. 2 as points. Heat 
transfer to the coolant and wall temperature are 
found on Fig. 3 as points. A significantly super- 
heated vapor, where P = 14.7 psia, T, = 140”R 
and T,, = SOO”R((T,, - TLy)/TLy = O-2) is also 
considered to determine its effect. Figure 4 is a 
plot of the temperature profiles for this super- 
heated case. This figure indicates that the 
temperature profiles across the solid and liquid 
layers are essentially linear. Table 1 contains a 
comparison of YLY(t) for the superheated and 
saturated vapor cases. The effect of even a 
considerable amount of vapor superheating is 
apparently small. A saturated vapor would 
therefore be a good approximation in this case. 

3. DISCUSSION OF ANALYTICAL 
METHODS FOR THE NON-CONSTANT 

WALL TEMPERATURE CASE 

In the case considered in the next section the 
plate and coolant have a finite thermal resistance 
so that the wall temperature, T, is not constant. 
Because of the variable wall temperature some 
approximate method of solution is necessary. A 
number of methods of solution were examined 
in order to determine their ease of application 
and accuracy for this three phase problem. This 
information will be useful in selecting the most 
practical method for the non-constant T, case 
and more complicated three phase problems. 

The approximate methodsdiscussed are : 
A. Energy Integral Method with a Linear 

Temperature Profile 
B. “Conduction Only Method” 
C. “Interface Method” 
D. Integral Equation Method-Solution by 

Successive Substitutions 
E. Direct Numerical Solution 
Integral methods (methods A and D) satisfy 

the differential equations(l), on the average, over 
the phase volume. The general method of attack 
for these methods is to integrate the differential 
equations over the appropriate phase volumes 
and apply the boundary, thereby resulting in 
an integral-differential equations. 

In method A the integral-differential equations 
are reduced to ordinary differential equations by 
making a reasonable assumption about the 
temperature profiles across the phase layers. 
References [3] and [6] showed that linear 
temperature profiles, that satisfl the boundary 
conditions, can be used successfully in phase 
change problems where the phase layer is thin. 
Therefore linear profiles are used in method A. 

The integral-differential equation could also 
be integrated again, resulting in an integral 
equation (method D). which is then solved by 
successive substitutions (see, [3]). In a successive 
substitution solution of an integral equation an 
initial guess of a temperature profile is improved 
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by successively substituting it, a‘nd then each 
subsequent improved temperature protile, back 
into the integral equation until there is little 
change in the profile (i.e. the result has con- 
verged). According to [7j an exact solution is 
approached, given enough interations. 

A very useful approximate method (method 
B) has been used by Nusselt [S] and Stefan [9] 
in phase change problems. It involves neglecting 
all terms of the energy equation for a phase 
except for the d2Tj/ay2 term (i.e. thermal storage 
and convection terms are neglected) so that a 
linear temperature profile results. We shall call 
this method of analysis the “conduction only 
method”. The linear temperature profiles are 
then used to evaluate the boundary conditions. 
which are then solved for the phase growth rates. 

Another method (method C), described in 
[2], [3] and [lo], involves writing and evaluating 
the total differential of the constant temperature 
at a phase interface. This differential is zero 
there (dT,, or dTsL = 0) so that by the chain 
rule a relation between the time rate of change 
of the temperature and temperature gradient 
is obtained. This relation is solved for the phase 
growth rates, where the time derivative is 
eliminated by using the appropriate differential 
equation, from equations (1). Temperature pro- 
tiles of higher order than linear are then used to 
obtain a relationship for the phase growth rates. 
Method C ([3] called this method the “interface 
method”) satisfies the differential equations at 
the phase interface rather than on an average 
phase volume. 

The accuracy of methods A, C and D was 
compared by [3] in a one dimensional freezing 
problem which had no exact solution. They 
found that the assumed temperature profile 
solution methods he studied gave nearly the 
same result as the most accurate method 
(successive substitutions for an integral equation 
solution). He observed that a linear temperature 
solution was very nearly correct. 

All of the analytical methods listed above were 
used to obtain a solution for this three phase 
problem; however, only the results of the most 

practical’ method are reported. According to 
[lo] the relative accuracy of methods A--C 
depends upon how closely the actual and assumed 
temperature profiles agree throughout the tran- 
sient. The exact solution indicated that the 
temperature profiles for this problem are essen- 
tially linear. Therefore methods A and B should 
give good results. Method C is certainly far more 
complex than either method A or B since it 
requires the solution of two very long simul- 
taneous ordinary differential equations of first 
order and third degree. The integral equation 
method (method D) will give an exact solution, 
given enough iterations. Unfortunately this 
method is extremely complicated for this three 
phase problem. It was found that four very 
complex simultaneous non-linear integral 
equations are required for after the start of 
freezing and two such equations for before the 
the start of freezing. Method E involves the 
direct numerical solution of the partial differen- 
tial equations of this problem, equations (1). 
It is certainly possible to write these equations 
in finite difference form and solve them on a 
computer; however, the moving phase bound- 
aries of this problem greatly complicate this 
problem, so that this method was not considered 
further. In fact, the purpose of the approximate 
methods is to reduce the complexity of these 
equations so that they may be solved numerically 
with some efficiency. The interested reader is 
referred to [ 1 l] where existing tinite difference 
techniques, and improvements, for solving one 
dimensional freezing problems with moving 
phase boundaries, are discussed. 

In summary the most practical approximate 
method for this study appears to be the energy 
integral method with a linear temperature 
profile (method A). It is only slightly more 
complicated than the “conduction only method” 
and, as will be shown, it is more accurate. A 
good check on the accuracy of method A can 
be obtained by comparing the exact solution 
results to the results of method A where 6 = 0. 
Method A is therefore used in the next section 
where b > 0. 



4. CASE WHERE THE WALL TEMPERATURE 
IS NOT CONSTANT 

Liquid 

In the case considered in this section an 
ar; aq aql 

(37) 
intinite horizontal plate, of no thermal capacity 

plcr at = kl 2 = - _ ay ay 
in contact with a cold coolant (at T, = constant), where again the vapor is assumed saturated 

suddenly comes in contact with a pure vapor 
(see Fig 1). The vapor condenses and a layer 

(?1 = 7;LY<W 

of liquid starts to grow on the plate. The plate 
Boundary conditions are given below. Initially 

and coolant are of finite thermal resistance so 
a saturated vapor is in contact with a dry plate 
so that at t = 0: 

that the wall temperature is not constant. As 
the insulating condensate layer grows the wall y,,(O) = 0, T,(O) = 7XP). (381, (391 

temperature drops until it falls to the freezing 
Thereafter a solid layer grows 

Before the start of freezing, a growing condensate 
temperature, TsL. 
from the liquid. Therefore, before the start of 

layer is on the plate. 

freezing at t = t, there is a growing condensate Fort,$t>O: 

layer, whereas after the start of freezing (t > t,) 
there are growing condensate and solid layers 

y =o: 

(three phases). 
For simplicity it is assumed that the plate and 

‘T;(f), 0 = T,(t), -ql(O,t) = k, !I$(@ t) 

coolant thermal resistances are constant, the 
pressure is constant, and that the vapor is 

= (T,(t) - T,) = Q (4Ok (41) 
saturated (according to the exact solution the 

b 0 j (0 
c 

assumption of a saturated vapor should cause y = Y&): 
little error). Otherwise the assumptions are the 
same as for the exact solution. The energy Ta_.v7 0 = L4m - 4rc J(Lv7 0 
integral method was used to obtain an approxi- cl r,v 
mate solution. = k$< YLv, 0 = p&v dt . (42~~ (431 

From equations (6H8) the differential equa- 
tions for the phases after freezing has begun are At the inception of freezing the wall temperature 

given below. is at the freezing temperature and there is no 
solid layer. Therefore at 

Solid 
t = t,: 

a2r, a4 
pscs 2 = k, - = - 2 

aY2 ay (35) YSLW = 07 T&s) = ~s,u% YLVW 

Liquid 

= k a2T _ aqr, 
1 ay2 aY 

= Y LV s- (44), (4% (46) 

After the start of freezing there are three phases 
so that for 
t > t,: 

(36) y = 0: 

The vapor differential equation is satisfied by 
the assumption that the vapor is saturated 

T,(O, t> = T,(t), -qs(O, t) = k, 2 (0. t) 

(TV = T’,(P)). The dit’ferential equation for = (TiW - T,) = 
before the start of freezing (t < tJ is b (47k (48) 

\ /L 
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Y = ysL(t): 

T,(Ys,. 0 = T( Y,,, t> = T,,(P), - q.( YsL. t) 

+ qr( YsL, t> = k t$< YSL> t> 

- kt$O’Y,,.O = + PJLS + (49k (50). (51) 

Y = %x(t): 

IT;< YLv, 0 = TLvV), -qr( Ym t> 

= PJ-L” - ~ ~ (52) (53) 

Equations (35)-(37)are integrated over their 
respective phase layers and Liebnitz rule is used 
to move the time derivative outside of the 
integral. Then after writing the equations in the 
form of (T, ,- TsL) and (‘I; - TLv), respectively, 
the following equations result: 
Before freezing 

rrv<t> 
d 

P&l & 
s 

(IT; - TL,)~Y = -qdY,,.t) 

0 

+ 41@. t> (54) 

After freezing 

ysr<t> 
d 

P&s & 
s 

(T, - T,L)dy = -q,(Y,L,t) 

0 

+ 4s<o. t> (55) 

and 

Y,(t) 
d 

P&I & 
s 

(TI - TLJ dy - PA TLY - TsL) 

ysr<t> 

d Ys, 
x ~ = -a< YLY, t> + 41( YSL. t> . dt 

(56) 

The literature on heat transfer with change of 
phase (e.g. [3] and [6]) and Fig. 4 indicate that 

linear temperature profiles are good approxima- 
tions for thin phase layers. Therefore. the follow- 
ing linear temperature profiles are chosen, 
which satisfy the temperature boundary con- 
ditions (equations (40) (42) (47). (50) and (52)): 

Before freezing 

(?; - T,,) = (&.y - T,(t)) + - 1 (57) 
LV 

After freezing 

and 

(T, - TsL) = ( TsL - T,(t)) (59) 

Equations (41) and (48) are used with (57) and 
(59) to determine 

Before freezing 

T,(t) = 
( 

bTLv + 

After freezing 

T,(t) = 

the wall temperature, T,,,(t). 

(2) K)/(b + F). (61) 

Equations (60) and (61) are substituted into 
(57) and (59) to eliminate T,(t). Then the 
resulting three temperature profiles, along with 
boundary conditions (41) (43), (51) and (53) are 
substituted into the integro-differential 
equations (equations (54H56)) in order to evalu- 
ate them. After performing the required inte- 
grations and simplifications the desired ditfe- 
rential equations are obtained (for details see 
[ 11). The following differential equation results 
for before freezing starts, t < t, 

(bk, + 6) _ 2 (k,b)2 1 !!? 
2 (bk, + 6) dt 

MT,, - T,) = 
PlLV 

(62) 
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where 

and 

Equation (62) can be integrated by limiting the 
initial conditions to an initially dry plate 
(equation (38)) where Y&(O) = 0. 

Before freezing 

(63) 

The differential equations for after the start of 
freezing are similarly obtained, 

After freezing 

wb - TSL) f&L - 7-A 
L=- 

s + b + A/k, 

and 

where after freezing : 

S = s(t) = (YLv(t) - YsL(t)), A = A(t) 

(64) 

(651 

and 

Substitute equation (64) into (65) to eliminate 
dA,/dt in equation (65) 

Equation (63) is solved for s(t) when t < t, 
while equations (64) and (66) are solved for 
d(t) and &t} when r > t,, The time for the start 
of freezing, c, is determined from equation (63) 
with t = t, and 6 s S, The condensate thickness 
when freezing starts, 6, is determined from 
equation (60), with 7?w(t,) = T,,(P), so that 
6, is given by 

Equation (67) is used to determine the conditions 
required for freezing to occur on an infinite 
horizontal cold plate. In order to have freezing 
occur 6, must be positive, which says that 
freezing will occur whenever the coolant is 
colder than the freezing temperature of the 
vapor (i.e. T, < TsL). Even when this require- 
ment is met, it may take a long time before the 
condensate layer is thick enough for freezing to 
start (i.e. s(t) > SJ. 

Equations f63), (64), (66) and (67) are solved 
numerically for s(t) and d{ t> by a standard 
4th order Runge-Kutta integration. With these 
values known, equations (60) and (61), ‘and 
equations (41) and 148) are solved for T,(t) 
and (Q/A),(t), respectively. The results of these 
calcuIations are found on Fig. 2 and 3, as solid 
curves, for various values of b, where P = 14.7 
psia, T, = 140” R and the fluid is water, 

Figures 2 and 3 show that as b decreases the 

phase growth history approach that for the 
exact solution and Tw(t> approaches the con- 
stant temperatun: TC It can also be seen that the 
growth of the solid layer is rapid soon after t 
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exceeds t, At large time when the phase layers 
are thick the growth histories for all values of h 
approach the exact solution, because the phase 
layer resistances have become the controlfing 
resistances. 

An indication of the accuracy of the energy 
integral method for this problem can be ob- 
tained by comparing the results of the special 
case of b .z 0 (i.e. b = W6), which rest&s in a 
nearly constant wall temperature, to the exact 

solution results. From Table 1 and Fig. 2 and 
3 it can be seen that the energy integral solution 
for b 2 0 is within I per cent of the exact 
solution results. 

J. SPECIAL CASES 

There are many special cases of the two 
methods considered in this section. The exact 
solution can specialize to a good many of the 
one dimensional change of phase heat transfer 

Lower exhaust tube---__ 

Transparent 
heater fifm-___ 

Steam heaiertuk~ \ 

Dial indicator for 
phase thicknesveAS 

5 
*’ 

*,’ 
Jre gaged llill~l 

=- Yo exhauster 
C-_, 

_. - Rubber sto@%t 

,-Ooen cork cviinder 

---Exhaust tube 

,FMoveable thickness 
and temperature pmbe 

5. Schematic of the horizontal cold plate apparatus. 
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problems in [2]. Considering the series-like 
form of equations (29H31) it would appear that 
an extension of the exact solution to handle 
additional phases of different density (e.g. 
multiple solid layers, liquid and vapor) would not 
offer much further difficulty. The approximate 
solution differential equations (equations (62) 
(64) and (66)) can handle melting of a thin slab 
of ice by its vapor provided the initial conditions 
are changed as required and equation (62) is 
used instead of (63). The “conduction only 
method” discussed before is a special case of the 
energy integral solution and is obtained from 
equations (63) (64) and (66) by setting S, = 
S, = S, = 0. According to Table 1 the accuracy 
of this method is not nearly as good as the 
energy integral solution. 

SUMMARY OF EXPERIMENT 

An apparatus was designed and built. and 
preliminary data were taken, to verify the 
previous analysis. The apparatus, shown sche- 
matically in Fig. 5, consisted of a liquid nitrogen 
cooled copper cold plate sealed to an inverted 
clear glass thermos bell jar. Dry saturated steam 
comes into the jar, where a number of liquid 
separators insure that the condensate and solid 
formed on the cold plate were condensed solely 
from that vapor in the vicinity of the cold plate 
(i.e. no liquid dripped down from above etc.). 
Most of the steam input is exhausted in the top 
chamber of the jar, and from near the cold plate 
by an exhaust tube, to insure that any air leakage 
will not accumulate. A movable probe was 
provided to determine the thickness of the 
solid layer by physical contact, and the con- 
densate thickness by visual contact (an easily 
observed miniscus formed upon contact of the 
flat bottomed probe with the L, interface). One 
thermocouple was imbedded in the cold plate, 
three stationary thermocouples were located 
close to the cold plate and one was in the 
movable probe. The thermocouple on the 
movable probe was used to survey temperatures 
near the Winterface. The bottom thermocouple 
of the three stationary ones was used, with the 

one in the plate and TsL, as a heat meter. 
Pressure was measured with a calibrated 
vacuum-pressure bourdon gage. 

The test procedure, briefly, consisted of: 
referencing the movable probe to the plate by 
physical contact, evacuating the test chamber, 
chilling the cold plate with the liquid nitrogen 
coolant, checking the plate temperature, a-d 
then letting the steam Ilow into the test chamber. 
As the vapor condensed and froze on the cold 
plate the measurement described above were 
taken as often as possible. 

The results of a preliminary test at one 
atmosphere, where an exhaust tube was used 
near the cold plate, are reported on Fig. 6. 
In this test the wall temperature remained 
essentially that of the coolant and constant. 
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FIG. 6. Comparison of theoretical and experimental phase 
growths on a horizontal plate for kl = 0.7 Btu/(ft) (h) (OR), 
6 = O(ft’) (h) (“R)/Btu, p = 14.7 psia, T, = 140”R and the 

plate initially dry. 

At the start of the experiment, when the test 
chamber was evacuated a thin layer of frost 
tufts appeared on the cold plate. This frost was 
caused by residual water vapor and air at low 
pressure. The ice cross section, was inspected at 
the end of the test. It was clear* except for a 
thin layer of frost at the bottom. This thin frost 
layer will result in an effective thermal con- 
ductivity that is below that for clear ice (e.g. 

- 
*In further tests rt was noted that as long as a visible 

layer of condensate existed a clear ice would continue to 
be formed even though the air concentration was increased 
considerably. However, if no visible layer of condensate 
existed then only frost would form in the presence of a large 
concentration of air. 
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k, = 1.28 Btu/ft’h”R for clear ice. The bottom 
thermocouple of the stationary rake of three 
(located d = 0125 in. above the cold plate) was 
never located within the frosty layer. By using 
the clear ice above that thermocouple as a heat 
meter (assuming k, = 1.28) values of b and an 
effective thermal conductivity can be estimated 
by equations (68) and (69) at large time. 

(T, - T,)U - 4 
b r ks(TsL - T,(y = d)) 

kseff 2 ““s;?- “(; ; d)’ (;;) 
SL w 

(68) 

(69) 

The phase thickness, wall (plate) temperatures 
and solid temperature at y = d are reported on 
Fig. 6. From these data it was estimated that 
b z 0 (i.e. nucleate boiling of the coolant) and 
the kseff r 0.7 Btu/ft’h”R. These values were 
plotted on Fig. 6. 

In the two previous tests, where accumulated 
air was not exhausted from near the cold plate 
it was observed that the presence of air delayed* 
the start of condensing. By correcting the times 
for these data such that zero time was the start 
of condensing these data would essentially fall 
on the data of Fig. 6, which required no such 
time correction. Values of b and kseff were also 
essentially the same. The effect of any additional 
thermal resistance caused by the air was 
checked analytically. There was no significant 
change from the analytical curves of Fig. 6. 
where this resistance was neglected. 

The agreement between the theory and pre- 
liminary experimental data is considered to be 
adequate but not totally satisfying. For details 
of the experimental apparatus and data please 
refer to [l]. 

CONCLUDING REMARKS 

An exact solution to simultaneous condensing 
and freezing on a cold horizontal plate occurs 
when the wall temperature is constant. If the 
coolant and wall thermal resistance is finite 

* See Footnote on p. 1901. 

then the wall temperature varies with time and 
an approximate solution is necessary. The 
approximate energy integral method of solution, 
which was found to be the most practical 
method for this problem. was within 1 per cent 
of the exact solution results for the special 
case of a constant temperature plate. It was 
determined that freezing of the vapor would 
eventually occur on a horizontal cold plate 
whenever the coolant is colder than the freezing 
temperature. Agreement between the analysis 
and results of a preliminary experiment was 
adequate. The major effect of the presence of air 
was to delay the start of condensing (and the 
formation of an ice-like solid), however a 
persistent large air fraction caused frost to 
form rather than ice. 
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TRANSFERT THERMIQUE POUR TROIS PHASES : CONDENSATION ET CONGELATION 
TRANSITOIRES D’UNE VAPEUR PURE AU CONTACT D’UNE PLAQUE HORIZONTALE 

FROIDE. ANALYSE ET EXPERIENCE. 

R-&On consid&re le processus transitoire de condensation et de congtlation simultantes d’une 
vapeur pure sur une plaque horizontale infinie, tr&s froide et initialement s&he. Le but de I’analyse est de 
dCterminer en fonction des parambtres du problkme: les conditions nbcessaires g la congklation. les vitesses 
de croissance de phase, le flux thermique et la temperature parittale. Le probleme a ttt abordt par diffkrentes 
methodes de calcul. Une solution exacte de ce probltme g trois phases est possible si la tempbrature 
pariktale est supposee constante. Si le rCfrig&ant et (ou) la rCsistance thermique parittale sont finis, de telle 
sorte que la tempkrature par&ale ne soit pas constante. on doit alors chercher une solution approchke. 
La solution approch&e par la mkthode int6grale d’tnergie--qui est la mtthode la plus pratique pour ce 
probl$me-s’tcarte de 1 pour cent de la solution exacte dans le cas particulier d’une temptrature parietale 
constante. L’accord entre les vitesses de croissance de la phase calculCes et les rtsultats d’une expCrience 
prtliminaire est satisfaisant. L’effet principal de la prksence d’un gaz non condensable (l’air) est de retarder 
le dtbut de la condensation bien qu’une grande proportion d’air persistante cause du givre plutBt que 

de la glace. 

DREI-PHASEN-WARMEUBERGANG: INSTATIONARE KONDENSATION UND 
EISBILDUNG AN EINER KALTEN HORIZONTALEN PLATTE 

-ANALYSE UND EXPERIMENT- 

Zusammenfassung-Es wird der instationtire Vorgang der gleichzeitigen Kondensation und Eisbildung 
eines reinen Dampfes an einer urspriinglich trockenen, sehr kalten, horizontalen und unbegrenzten ebenen 
Platte betrachtet. 

Folgende Voraussetzungen fiir die Analyse mussten festgelegt werden: die zur Eisbildung notwendigen 
Bedingungen. die Phasenwachstumsgeschwindigkeit. der WLrmetluss und die Wandtemperatur als 
Funktion der Problemparameter. Das Problem wurde mit verschiedenen mathematischen Methoden 
bearbeitet. Eine exakte Lssung fiir dieses Drei-Phasen-Problem ist miiglich, wenn die Wandtemperatur 
als konstant angenommen werden kann. Wenn die Kiihlung und/oder der thermische Widerstand der 
Wand endlich ist. so dass die Wandtemperatur nicht konstant ist, muss eine N%herungsliisung gesucht 
werden. Die Nlherungslijsung der Energieintegralmethod-ftir dieses Problem die praktische Methode- 
weicht l’iir den speziellen Fall konstanter Wandtemperatur weniger als 1 ‘A von der exakten Lasung ab. 
Die analytisch bestimmte Phasenwachstumsgeschwindigkeit stimmt mit den Ergebnissen der vorkiufigen 
Experimente zufriedenstellend i&rein. 

Die Anwesenheit eines nichtkondensierenden Gases, z.B. Luft. bewirkt hauptsiichlich eine Verzbgerung 
des Kondensationsbeginns. Dennoch fiihrt eine ausreichend grosse Luftmenge eher zu Frost als zu 

Eisbildung. 

TPEXmA3HbIfl TEHJIOOBMEH : KOHAEHCAqHR ki 3AMEP3AHklE IIAPA 
HA XOJIOAHOtl I’OPB30HTAJIbHOm IIJIACTBHE. AHAJIkI3 kl 

BKCrIEPI4MEHT 

AHHOT8l&iW-PaCCMaTpIIBaIOTCR HeCTaqHOHapHbIe ORHOBpeMeHHbIe npOIfeCCbl KOHJ&eHCaIJHM 

R aaMepaaaaR WiCTOrO napa Ha nepBOHaWJlbH0 cyxoi 04eHb XOJIOAHOft 6ecKoHewoB 

ropHaoHTanbHoi4 nnacTHHe. AHanHawpymTcB a onpenefiBmTci4 B napaMeTpax aanasa 

yCJIOBliR,HeO6XOJ(lWIe JJJIR3aMep8aHkiH,CKOpOCTb pOCTa @a%I,TenJIOBOfi IIOTOK HTeMnepa- 

Typa CTeHKIL3a~a~apeluaJIacbpaaJIH'4HbIMH MaTeMaTWieCKHMH MeTO~aMH.ToqHoe peureHwe 

3~o~Tpex~aaHoZtaa~as~~0~~0~(~0,ecn1lnpe~nOnOmaTb,sToTeMnepaTypacTe~K1locTaeTc~ 

nOCTOHHHOi.EcJlHTenJlOBOeCOnpOTkiBJIeHKeOX~a~~TeJIX R/llJlUCTeHKHBeJIklWHaKOHeYHaR, 

T.e.TeMnepaTypaCTeHKAHenOCTORHHa,CneAyeTliCKaTbnpH6nII~eHHoepemeHlle. IIpa6nnme- 
HHOe peUleHIle C nOMOI4bMJ 3HepreTWieCKOrO AHTerpaJlbHOrO MeTOAa, Han6onee 4aCTO 

nprrMeHBIomerocn Ha npaKTIlKe AJIH 3TOZt aaaasn, COCTaBJlReT 1% OT TOqHOrO peureHkiB AJIB 

Cne~kiaJIbHOrO CJIyYacI nOCTOJ?HHOi TeMnepaTypbI CTeHKM. COOTBeTCTBIle MetKAy BHaJIHTLI- 

4ecKsi 0npeAeneHHbImA cKopocTBMk5 pocTa tpaabI w peaynbTaTaMK npeABapkiTenbHor0 

3KCnepUMeHTa yAOBJreTBOpUTeJIbHOe. OCHOBHOe BJiHRHEIe HeKOHAeiICMpyeMOrO ra3a/ Hanp- 

HMep, BOaAyXa/ CKaSbIBaeTCH B OTCpOqKe HaqaJIa KOHAeHCalJWi, OAHaKO HaJlWWie IIOCTOFIHHO 

6onbmo8 AOJIU BOBAyXanpHBOAElT K 06pa30BaHHIO M3MOpO3K,aHe JIbEa. 


